Abstract. We show that if CH holds and either (i) there exists an ω 1 -Kurepa tree, or (ii) (ω 2 ) holds, then there are regular T 1 Lindelöf spaces X 0 and X 1 with points G δ such that the extent of X 0 × X 1 is strictly greater than 2 ω .
Introduction
While every product of compact spaces is compact, the product of two Lindelöf spaces need not to be Lindelöf; The Sorgenfrey line is a typical example. The square of two Sorgengrey lines has the Lindelöf degree 2 ω , where the Lindelöf degree of the space X, L(X), is the minimal cardinal κ such that every open cover of X has a subcover of size ≤ κ. This fact lead us to the following natural question. Some consistent examples are known. Shelah [5] constructed a model of ZFC in which there are two regular T 1 Lindelöf spaces with points G δ whose product has the extent (2 ω ) + = ω 2 , where the extent of X, e(X), is sup{|C| | C ⊆ X is closed discrete}. It is clear that L(X) ≥ e(X). Gorelic [1] refined and simplified Shelah's method and got a model in which there are two regular T 1 Lindelöf spaces with points G δ whose product has the extent 2 ω 1 and 2 ω 1 is arbitrary large. The extent of the product of their spaces is bounded by 2 ω 1 , and Usuba [8] proved that it is consistent that the extent of the product of two regular T 1 Lindelöf spaces can be arbitrary large up to the least measurable cardinal. However it is still open if the existence of such Lindelöf spaces is provable from ZFC.
In this paper, we give new construction of such Lindelöf spaces under some combinatorial principles. Theorem 1.2. Suppose CH. If there exists an ω 1 -Kurepa tree, or Todorčević's square principle (ω 2 ) holds, then there are regular T 1 Lindelöf spaces X 0 , X 1 with points G δ such that e(X 0 × X 1 ) > 2 ω .
It is also known that if (ω 2 ) fails then ω 2 is weakly compact in L (Todorčević, (1.10) in Todorčević [6] ).
ω for every regular T 1 Lindelöf spaces X 0 , X 1 with points G δ , then ω 2 is weakly compact in the constructible universe L.
This shows that the non-existence of such Lindelöf spaces would have a large cardinal strength (if it is consistent).
A very rough sketch of our construction is as follows. For a certain Hausdorff Lindelöf space, we modify open neighborhoods of each points of the space and construct finer Lindelöf spaces X 0 and X 1 such that for each x ∈ X, there are open sets O 0 ⊆ X 0 and O 1 ⊆ X 1 with O 0 ∩ O 1 = {x}. Clearly the diagonal of X 0 × X 1 is a large closed discrete subset of X 0 × X 1 . Basic idea of our construction come from Usuba [7] .
2. Modifying points with character ω 1 Proposition 2.1. Let X be a Hausdorff Lindelöf space of size > 2 ω , and X 0 , X 1 be regular T 1 Lindelöf spaces of character ≤ ω 1 such that:
(1) X 0 and X 1 have the same underlying sets to X and topologies of X 0 and X 1 are finer than X. (2) For every x ∈ X, χ(x, X 0 ) = χ(x, X 1 ). (3) For x ∈ X, if χ(x, X 0 ) = χ(x, X 1 ) = ω 1 then there exists a sequence O x α : α < ω 1 with the following properties:
Then there are regular T 1 Lindelöf spaces Y 0 and Y 1 with points
Proof. First, fix an injection σ : ω 1 → R where R is the real line. Let
For constructing Y 0 , let S be the Sorgenfrey line, that is, the underlying set of S is the real line R, and the topology is generated by the family {[r, s) | r, s ∈ R} as an open base. It is known that S is a first countable regular T 1 Lindelöf space.
We define Y 0 in the following manner. The underlying set of Y 0 is X . The topology of Y 0 is generated by the family 
We see that ∆ is closed and discrete. 
Case 2: p = x, y, r for some x ∈ X \ X ′ , y ∈ X ′ , and r ∈ R.
Case 3: p = x, r , y for some x ∈ X ′ , y ∈ X \ X ′ , and r ∈ R. Similar to Case 2.
Case 4: p = x, r , y, s for some x, y ∈ X ′ and r, s ∈ R.
Next we see that ∆ is discrete. For x ∈ X \ X ′ , by the assumption, there are open sets O 0 ⊆ X 0 and
A space X is said to be a P -space if every G δ subset of X is open. If X is a regular T 1 Lindelöf P -space of character ≤ ω 1 , then every point x ∈ X with χ(x, X) = ω is isolated in X. Hence X = X 0 = X 1 satisfy the assumptions of the previous proposition.
Corollary 2.2.
If there exists a regular T 1 Lindelöf P -space of character ≤ ω 1 and size > 2 ω , then there are regular
It is known that such a P -space exists under V = L (Juhász-Weiss [3] ), so this fact yields one more another proof of Corollary 1.3.
Modifying points with character ω
For our convenience, we fix some notations and definitions. For an ordinal α, let 2 α be the set of all functions from α to 2, and 2 <α (2 ≤α , respectively) be β<α 2 β ( β≤α 2 β , respectively). We say that T is a tree if T is a subset of 2 <α for some ordinal α such that T is downward closed, that is, for every s ∈ T and t ∈ 2 <α , if t ⊆ s then t ∈ T . For s, t ∈ T , define s ≤ t ⇐⇒ s ⊆ t, and s < t ⇐⇒ s t. A branch of a tree T is a maximal chain of T . If B is a branch, then B is a function with B ∈ 2 ≤α and B = { B ↾ β | β < dom( B)}. Because of this reason, we identify a branch B as the function B. Cantor tree is the tree 2 ≤ω . We say that σ : 2 <ω → 2 <α is an embedding if s < t ⇐⇒ σ(s) < σ(t) for every s, t ∈ 2 <ω . Every embedding σ : 2 <ω → 2 <α canonically induces the map σ
Note that a tree T does not contain an isomorphic copy of Cantor tree if and only if for every embedding σ :
Proposition 3.1. Assume CH. Suppose there exists a tree T ⊆ 2 <ω 2 such that:
(1) Each level of T has cardinality at most ω 1 .
(2) T has no branch of size ω 2 . (3) |T | > 2 ω , or T has strictly more than 2 ω many branches.
(4) T does not contain an isomorphic copy of Cantor tree.
Then there exist zero-dimensional T 1 Lindelöf spaces X, X 0 , X 1 which satisfy the assumptions of Proposition 2.1. Now Theorem 1.2 follows from Propositions 2.1 and 3.1: If there exists an ω 1 -Kurepa tree T ⊆ 2 <ω 1 , by CH, T satisfies the assumptions of Proposition 3.1. If (ω 2 ) holds, then there is an ω 2 -Aronszajn tree T ⊆ 2 <ω 2 which does not contain an isomorphic copy of Cantor tree (Todorčević, (1.11) in [6] . See also Corollary 3.10 in König [4] ). It is clear that T fulfills the assumptions of Proposition 3.1.
We start the proof of Proposition 3.1. Fix a tree T satisfying the assumptions. We may assume that every t ∈ T has two immediate successors
+ . First we define the space X. The underlying set of X is B 0 ∪ B 1 ∪ T * . The topology is generated by the family
as an open base. It is routine to check that X is a zero-dimensional T 1 space of size
We prove that X is Lindelöf.
Claim 3.2. X is Lindelöf.
Proof. Let U be an open cover of X. Let T U be the set of all t ∈ T such that there is no countable subfamily V ⊆ U with [t] ⊆ V. If T U = ∅, then [∅] ⊆ V for some countable V ⊆ U, and V is a countable cover of X. Thus it is enough to see that
Suppose to the contrary that T U = ∅. We note that for t ∈ T U and s ∈ T , if s ≤ t then s ∈ T U . Hence T U is a subtree of T .
First we check that T U has no maximal element. Suppose not and take t ∈ T U which is a maximal element of T U . Then t ⌢ 0 , t ⌢ 1 are elements of T but not of T U . Thus there are countable subfamilies
, this is a contradiction too.
Next we check that T U is branching. Suppose not, and take t 0 ∈ T U such that every t ∈ T U with t 0 ≤ t has only one immediate successor in T U . Let C = {t ∈ T U | t 0 ≤ t}. C is a chain of T . By the assumption, we have that |C| ≤ ω 1 . Let t α | α < γ be the increasing enumeration of C. We know that γ is a limit ordinal with γ < ω 2 . By induction on α < γ, we claim that there is a countable V ⊆ U
The case that α = β + 1 and cf(β) = ω 1 is similar. Suppose α is a limit ordinal. If cf(α) = ω, take an increasing sequence α n | n < ω with limit α. By the induction hypothesis, for n < ω there is a countable V n ⊆ U with
By the definition of the topology of X, there is some s < t α such that s / ∈ T * and [s] \ [t α ] + ⊆ O. Fix β < α with s ≤ t β , and take a countable V ⊆ U with
by the same argument as before, we can find a countable V ⊆ U with
, and we can derive a contradiction as before. Now we know that T U has no maximal element and is branching. Hence we can take an embedding σ : 2 <ω → T U . By the assumption on T , there is some f ∈ 2 ω with σ * (f ) / ∈ T . Then B = σ * (f ) is a branch of T and B ∈ B 0 . Fix an open set O ∈ U with B ∈ O. There is some t ∈ B with [t] ⊆ O, and we can choose n < ω with t < σ(f ↾ n). However then [σ(f ↾ n)] ⊆ O, this contradicts to σ(f ↾ n) ∈ T U .
[Claim]
Remark 3.3. The place where we use the assumption that "Cantor tree 2 ≤ω cannot be embedded into T " is the proof of this claim, and the referee pointed out us that, for proving this claim, the Cantor tree assumption can be weakened to that "the tree 2 <ω 1 cannot be embedded into T ".
Next, by modifying open neighborhoods of points in B 0 , we construct finer spaces X 0 and X 1 . Let us say that an embedding σ is good if dom(σ * (f )) = dom(σ * (g)) for every f, g ∈ 2 ω .
Claim 3.4. For every embedding σ, there is a good embedding τ such that Range(τ ) ⊆ Range(σ).
Proof. First note that the set D = {dom(σ * (f )) | f ∈ 2 ω } is at most countable, because D is a subset of all limit points of the countable set {dom(σ(t)) | t ∈ 2 <ω }. Now we have 2 ω = α∈D {f ∈ 2 ω | dom(σ * (f )) = α}. D is countable, thus there is some α ∈ D such that E = {f ∈ 2 ω | dom(σ * (f )) = α} is uncountable. It is clear that α is a limit ordinal with countable cofinality. Take an increasing sequence α i | i < ω with limit α. Then for every t ∈ 2 <ω and i < ω, if {f ∈ E | t ⊆ f } is uncountable, then there are two s 0 , s 1 ∈ 2 <ω such that t < s 0 , s 1 , dom(σ(s 0 )), dom(σ(s 1 )) ≥ α i , and both {f ∈ E | s 0 ⊆ f }, {f ∈ E | s 1 ⊆ f } are uncountable; Since the Cantor space 2 ω is compact, we can find two f 0 , f 1 ∈ 2 ω such that f 0 , f 1 ⊇ t, and for every open neighborhood O of f 0 or f 1 in 2 ω , the set O ∩ E is uncountable. Take a large n < ω with dom(σ(f 0 ↾ n)), dom(σ(f 1 ↾ n)) ≥ α i and f 0 ↾ n = f 1 ↾ n. Let s 0 = f 0 ↾ n and s 1 = f 1 ↾ n. Then we have that the sets {f ∈ E | s 0 ⊆ f } and {f ∈ E | s 1 ⊆ f } are uncountable.
Using the above observation, we can take an embedding ρ : 2 <ω → 2 <ω such that for every t ∈ 2 <ω with dom(t) = n, we have α n ≤ dom(σ(ρ(t))) < α. Let τ = σ • ρ. It is easy to check that τ : 2 <ω → T is a required embedding.
Claim 3.5. Let σ : 2 <ω → T be a good embedding. Then the set {f ∈ 2 ω | σ
Proof. If it is countable, we can take an enumeration f n | n < ω of it. Then we can take an embedding τ :
Because T does not contain an isomorphic copy of Cantor tree, there is some f ∈ 2 ω such that
and there is n with ρ * (f ) = σ * (f n ), this is a contradiction.
Let G be the set of all good embeddings.
Claim 3.6. There is an injection ϕ from G into B 0 such that ϕ(σ) ∈ Range(σ * ) for every σ ∈ G.
Proof. For σ ∈ G, let α σ be the ordinal such that dom(σ * (f )) = α σ for every f ∈ 2 ω . α is a limit ordinal with countable cofinality. Fix a limit ordinal α with countable cofinality. We define ϕ ↾ {σ ∈ G | α σ = α}. We have that Range(σ) ⊆ T ∩2 <α for every σ ∈ G with α σ = α. By the assumption on T , we have that T ∩ 2 <α has cardinality at most ω 1 , so there are at most (ω 1 ) ω = ω 1 many good embeddings σ with α σ = α. In addition, by Claim 3.5, for every σ ∈ G with α σ = α, the set {f ∈ 2 ω | σ * (f ) / ∈ T } is uncountable, hence has cardinality ω 1 . Combining these observations, we can easily take an injection ϕ ↾ {σ ∈ G | α σ = α} into B 0 with ϕ(σ) ∈ Range(σ * ).
Fix an injection ϕ : G → B 0 with ϕ(σ) ∈ Range(σ * ). For B ∈ B 0 , let δ B = dom(B). We define an increasing sequence δ B n | n < ω with limit δ B as follows. If B / ∈ Range(ϕ), then δ B n | n < ω is an arbitrary increasing sequence with limit δ B and cf(δ B n ) = ω 1 . If B ∈ Range(ϕ), there is a unique σ ∈ G with ϕ(σ) = B. Take f ∈ 2 ω with σ * (f ) = B. Then take an increasing sequence δ B n | n < ω with limit δ B such that cf(δ B n ) = ω 1 and for each n < ω there is m < ω with
, where s is a maximal element of T with s < σ(f ↾ m + 1), σ(f ↾ m ⌢ 1 − f (m) ). Now we are ready to define X 0 and X 1 . For B ∈ B 0 and m < ω,
] | n : odd, n > m}. The topology of X 0 is generated by the family
as an open base. The topology of X 1 is generated by the family
as an open base. It is not hard to check that X 0 and X 1 are zero-dimensional T 1 spaces finer than X. We have to check that X 0 and X 1 satisfy the assumptions in Proposition 2.1. For B ∈ B 0 , the family {W 0 (B, m) | m < ω} forms a local base for B in X 0 , and {W 1 (B, m) | m < ω} forms a local base for B in
For B ∈ B 1 , take an increasing continuous sequence δ α | α < ω 1 with limit dom(B) and cf(δ α ) = ω 1 . Then {[B ↾ δ α ] | α < ω 1 } is a continuously decreasing sequence of clopen sets in X with α<ω 1 [B ↾ δ α ] = {B}. Similarly, for t ∈ T * , take an increasing continuous sequence δ α | α < ω 1 with limit dom(t) and cf(δ α ) = ω 1 . Then the sequence
+ | α < ω 1 } is a required one. Finally we have to check that X 0 and X 1 are Lindelöf. Proof. We only show that X 0 is Lindelöf. One can check that X 1 is also Lindelöf by the same way.
Let U be an open cover of X 0 . As before, let T U be the set of all t ∈ T such that there is no countable V ⊆ U with [t] ⊆ V. It is enough to see that T U = ∅. Suppose to the contrary that T U = ∅. We can see that T U has no maximal element. Next we check that T U is branching. If not, then we can take a chain t α | α < γ in T U . By the same argument as before, we know that for every α < γ there is a countable V ⊆ U with [t 0 ] \ [t α ] ⊆ V. Let t γ = α<γ t α . If t γ ∈ B 1 or t γ ∈ T , then one can derive a contradiction as before. If t γ ∈ B 0 , take an increasing sequence α n | n < ω with limit γ. For n < ω, take a countable V n ⊆ U with [ [Claim]
Remark 3.8. As in the proof of Claim 3.2, we used the assumption that "Cantor tree 2 ≤ω cannot be embedded into T " in the proof of this claim. However, unlike Claim 3.2, the author does not know whether it can be weakened to that "the tree 2 <ω 1 cannot be embedded into T ".
